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Although the correlative evidence relating the presence of amyloidfibrils and certain disease states (e.g. Alzheimer's
disease and Type 2 Diabetes) is overwhelming, a direct causative role for amyloid has proved harder to establish.
Current thinking links a narrow region of the aggregate protein size distribution, the so called ‘early aggregate’
domain to cellular toxicity. A troubling feature of this theory however is that the nucleated reactionmechanism by
which amyloid formation is believed to occur results in a very low number concentration of early aggregates which
are rapidly extended to form amyloid fibrils. This situationmeans that the concentration of early aggregates is very
low at the timewhen they are supposedly at their most toxic. Herewe adopt a novel explicit simulation strategy to
examineakinetic regime involvingnucleatedgrowthcombinedwithfibril fragmentationunderwhich this situation
can be reversed so as to produce a high number concentration of small on-pathway toxic aggregates. Dependent
upon the rate of fragmentation, the time scale for generation of toxic early aggregatesmaybe coupled, uncoupled or
disassociated from the time scale for the appearance of amyloid fibrils. Furthermore the model presents itself as a
biochemical ‘switch’ transitioning between modes of amyloid induced cell death dependent upon either specific
amyloid toxicity or non-specific solid mass induced tissue damage.

© 2009 Elsevier B.V. All rights reserved.
1 Our finding [29] that phenotypic markers of amyloid could result from an induced
change affecting amyloid's structural/replicative properties had a number of important
1. Introduction

Inmoderndaystructuralbiology the termamyloid isused todescribea
certain class of linear protein fibers that are highly enriched in β-sheet
structural elements and are capable of binding specific intercalating
ligands [1,2]. In humans there are more than twenty-five different pro-
teins for which conversion of the protein into amyloid is strongly coupled
with disease onset [3–6]. Two such amyloid linked disease processes of
particular note (due to their prevalence and societal impact) are
Alzheimer's disease and Type 2 Diabetes which involve the formation of
amyloid fibers from the A-β [7–9] and amylin [10–12] peptides
respectively. However despite a strong correlative relationship between
the occurrence of amyloid fibrils and a number of these disease states a
detailed causative mechanistic role for amyloid in disease progression is
currently lacking in most cases [1,3–6,13]. What is clear however, is that
nearly all amyloid related disease involve, at some stage in their etiology,
tissue-specific apoptotic [13,14] or necrotic [2,15,16] processes causing
harm or death to the afflicted individual.

Despite the fact that amyloid fibrils can be formed from a variety of
different protein precursors [6,17–19] all amyloid fibrils share a high
degree of structural similarity at the mesoscopic level. This structural
similarity is borneoutby the fact that all amyloidfibrils specificallybind to
a common set of ligands and their proto-fibril width distribution lies
within a narrow range of about 3–10 nm [1,2]. Due to these common
Hall), edskes@helix.nih.gov
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structural characteristics that are irrespectiveof theparticularmonomeric
protein building blocks, a common underlying mechanism explaining
amyloid's role in disease has been sought [1–6,17–19]. Towards this di-
rection a number of theories have been put forwardwhich posit different
structural roles for amyloid's action as a harmful agent to the cell. These
roles include (i.) a physical disruptor of the cell or tissue due to incom-
patible dimensions or the physical amount of the amyloid produced
[2,15,16], (ii.) a biochemical disruptor of enzymes involved in essential
cellular processes such as proteasome [19–21], chaperone [14,22–24],
redox control pathways [14,25,26] and (iii.) a pore forming membrane
disruptor leading to loss of cellular homeostasis by formation of un-
wanted pores in both the cell membrane and intracellular compartment
membranes [14,27,28].

We previously described a ‘two hit’model of amyloid's role in disease
progression [29] that supposed that (i.) the production of a certain critical
mass of amyloid was related to disease initiation, and (ii.) that the pro-
duction of this critical mass of amyloid could be caused through a com-
bination of both genetic and environmental factors. Our model was
therefore similar in nature to the loss of heterozygosity (LOH)model used
to explain the banding patterns seen in the age dependent development
of retinal blastoma [30].1
consequences. Chief amongst these was that amyloid related disease could develop from
modification of an existing phenotypically silent amyloid formation process rather than
because of the emergence of a previously non-existent amyloid pathway. A year after our
paper was published this conceptual linkage was demonstrated experimentally by Tanaka
et al. [51].
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Although our previous model was capable of providing a rational
explanation for a number of the vagaries associated with both the
spontaneous development of disease and the existence of a species
barriers in the transmission of infectious forms of amyloid (known as
prions [31–33]), it was not able to shed light on the possible mechanistic
role played by amyloid in any disease initiation/progression process. In
the current work we seek to correct this deficiency by developing a new
model that can incorporate additional experimental information, the two
major strands of which are (i.) findings from numerous experimental
studies that suggest that not all types of amyloid fibrils are equally toxic,
but rather a certain rangeof small amyloidoligomers possess themajority
of the cytotoxic properties [12,34–37] and (ii.) results from autopsies of
patients who have expired as a result of Diabetes or Alzheimer's which
indicate that extensive tissue damage is not always correlated with
amyloid fibril load [38–41]. Our new model of amyloid's relationship to
disease development is more complex in nature than our previous ‘two
hit’model. However the increase in complexity carries with it a range of
fascinating new insights into the possible kinetic linkages existing
between amyloid formation and the onset of disease.

2. Theory and methods

2.1. Simulation model

To model amyloid formation from a starting pool of monomer we
explicitly treated the many thousands of rate equations specified by
our kinetic model (Appendix A). Despite the many excellent previous
Fig. 1. Schematic description of the kinetic rate model used for the explicit solution of am
fragmentation. (A) Critical nucleus formation (n=2) frommonomeric proteins is governed
addition to a fibril end, the process is governed by a bi-molecular growth rate constant kG. (C
monomer pool. Scission from either end of the fibril is regulated by a uni-molecular rate cons
at any of the j−3 internal sites at a characteristic intrinsic scission rate kS°. In the numerica
event governed by a rate constant set to (j−3) kS° (see Hall and Edskes, 2004 — ref 29).
modelling works on the subject the arguments made within, and insight
provided by this paper were only possible because of the explicit
simulation approach adopted. As such the results outlined within the
currentwork have not beenpreviously explored. The conceptual basics of
ourmodel are highlighted in Fig. 1. Amyloid fibril formation is considered
to be initiated via a slow nucleation step, governed by a rate constant kN
and a critical nucleus size n, which is followed by a number of faster
growth steps, governed by identical rate constants kG. Amyloid formation
is considered to occur bymonomer addition in a uni-directional manner.
Amyloid fragmentation may occur by monomer fracture between any
two monomers in the amyloid fibre at a rate constant ks°. If monomer
fracture results in the production of a fragmentation species of the size of
monomer then this species is considered to rejoin the monomer pool.
Fragmentation species of size greater thanmonomer are considered to be
short amyloid fragments.
2.2. Model postulates

In keeping with the concept of the toxic early oligomer hypothesis
our starting postulate involves designating an arbitrary region of the
amyloid size distribution with these toxic attributes (Fig. 2A). We next
postulate that disease initiation/phenotype display corresponds to the
production of a threshold concentration of toxic oligomer production
(Fig. 2B) and not the total mass of protein existing in amyloid. In the
simulation exercises to comewewill plot both the total amount of toxic
oligomer and the total mass of protein existing in all amyloid forms.
yloid formation by a nucleated reaction mechanism that is subject to fibril scission/
by a bi-molecular rate constant kN. (B) Uni-directional fibril growth occurs by monomer
) Scission at the end of the fibril results in release of a monomer that rejoins the native
tant kS°. (D) In a fibril consisting of j sub-units, fibril fragmentation is technically possible
l solution of our model we confine breakage to the central position with this breakage



Fig. 2. Diagram showing the two fundamental postulates in our modelling approach.
(A) A certain section of the amyloid size distribution, known as the toxic oligomer region
has cytotoxic properties. In this paper we consider the toxic oligomer region to extend
from aggregates containing 5–20 protein monomer units. Here we see a representative
amyloid size distribution (red line) with the toxic oligomer region highlighted (green
shaded region). (B) The onset of disease corresponds to the exceeding of a threshold level
of toxic oligomers. Here the threshold level is set at 20 nM and is shown by the dotted
green line. The solid green line describes the time dependent formation of the summed
total of all toxic oligomers, and the solid red line denotes the time dependent formation of
the summed total of all amyloid species. We note that for the current example the critical
threshold value is not reached.
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2.3. Parameter values

We recycle the parameter values for n, kN, kG, and ks° from our
previous work [29] noting that the values are not meant to, in any way,
reflect values characteristic of any living system, but rather, are chosen
to effect the smooth transition from one type of limiting case behaviour
to another. In this fashion we have used the following parameter set,
n=2, kN=0.01 M−1 s−1, kG=100 M−1 s−1. The parameter ks° was
allowed to vary from 0 s−1 to 1×10−6 s−1. Two disparate cases of
monomer concentration were chosen to reflect the two extremes of
protein monomer regulation in the cell. The first case which we shall
designate as Case A corresponded to a situation in which the regulation
of monomer production was much faster than the time scale of the
amyloid formation reaction such that the concentration of free
monomer was kept at a constant level at all times (MFREE=100 nM).
The second case, designated as Case B, corresponded to a situation
whereby the rate of monomer production/regulation was very slow in
relation to the time scale of the amyloid formation reaction. For this case
we treated the total amount of protein in the system as a constant
defined by MTOT such that any formation of amyloid resulted in a
decrease in the free monomer concentration (MTOT=100 nM).

2.4. Effecting a solution of the model

At the core of thiswork lies the solution of a very large set of equations
describing all possible chemical reactions specified by a nucleated growth
mechanismof amyloidfibril formation featuringfibril fragmentation. This
explicit simulation approach has provided us with a full temporal
description of the amyloid fibril distribution. Subsequent grouping and
analysis of relevant sections of that distribution has allowed us to make
the conceptual discoveries presentedwithin this paper. The chemical rate
equations outlined in Eqs. A1, A6 and A7were solved using a self written
numerical integration procedure programmed in MATLAB R2008b on a
standard desktop personal computer. The numerical integration proce-
dure employed was based on a fourth order Runge–Kutta procedure and
has been previously described [29].

3. Results

Here we present the findings of our modelling approach first for
limiting Case A and then for limiting Case B. In both simulation sets we
use a fixed set of nucleation and growth rate constants in conjunction
with a fixed nucleus size andwe vary the intrinsic fracture rate constant
ks° over three orders of magnitude such that the scission rate constant
took on a value of either ks°=1×10−6 s−1 (relatively fast scission) or
ks°=1×10−9 s−1 (reflecting relatively slow scission). The results are
contrasted against a classical model of nucleated growth in which fibril
growth occurs by endwise addition of monomer only (with no
associated fibril fragmentation or endwise depolymerization such that
ks°=0 s−1).

3.1. Case A: fixed free concentration of monomer

For the case of a constant concentration of freemonomer (Fig. 3A)we
note that the relationship between the time-scales relating protein in all
amyloid formsand that specifically in the toxic earlyoligomer formcanbe
widely disparate depending on the rate of fibril fracture/scission. For the
case of no scission, ks°=0 s−1, the two time scales are virtually identical
with both appearing around the 1×106 s mark (total amyloid — dashed
red line; toxic oligmer — solid red line). However for this kinetic regime
the total extent of toxic oligomer species never becomes appreciable as its
rate of production and rate of loss (via its incorporation into higher
molecular weight amyloid species) reaches a steady state level of
approximately 2.5 nM. For this irreversible case the average degree of
polymerization of all amyloid species continues to grow in an unbounded
fashion approximately reaching 5000 monomers by the end of the
simulation (Fig. 3B). The shape of the distribution constituting the
amyloid product at a number of different stages along the time course is
described in Fig. 3C. The distribution is asymmetric, the degree of
asymmetry increasing with increasing extents of amyloid formation.
Thus for this kinetic regime characterised by no scission/fragmentation
(ks°=0 s−1) we conclude that the time scale for the appearance of toxic
oligomers is highly coupled to the time scale for the production of long
amyloid fibrils although as the total extent of amyloidfibres increases the
ratio of the mass of toxic oligomers to the total mass of amyloid drops
substantially.

For the case of relatively fast scission, ks°=1×10−6 s−1, the
relationship between the time scale of production of toxic early oligomers
and all amyloid forms (Fig. 3A, total amyloid — dashed blue line; toxic
oligomer— solid blue line) is essentially identical to the time scale of toxic
oligomer production due to the fact that the majority of polymerized
protein exists in the toxic oligomer form. Indeed it can be seen from
the evolution of the average degree of polymerization (Fig. 3B) that the



Fig. 3. Model development for the situation of a fixed free concentration of monomer (Case A). (A) Time dependent formation of different amyloid species: the summed total all
amyloid species (dotted line) and summed total of all toxic oligomer species (solid line) for three different values of the scission/fragmentation rate — red (kS°=0 s−1), blue
(kS°=1×10−6 s−1) and black (kS°=1×10−9 s−1). (B) Time dependent evolution of the amyloid average degree of polymerization for the three different scission/fragmentation
rates — red (kS°=0 s−1), blue (kS°=1×10−6 s−1) and black (kS°=1×10−9 s−1). (C–E) Snapshots of the kinetic evolution of the amyloid size distribution for the three different
scission/fragmentation rates (C) kS°=0 s−1, (D) kS°=1×10−6 s−1 and (E) kS°=1×10−9 s−1 with magenta representing the earliest time and cyan representing the latest time. The
displayed snapshots correspond to the following time windows (described in seconds) (C) 1×106, 3.2×106, 1×107, 3.2×107, 1×108. (D) 1×106, 2×106, 3.2×106, 4×106, 5×106.
(E) 1×106, 3.2×106, 1×107, 3.2×107, 1×108.
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average size never varies significantly from approximately 4 monomers.
The range of species making up the amyloid distribution at a series of
different times is shown in Fig. 3D. As can be noted the extent of toxic
oligomer production quickly passes the critical level associated with
disease without ever being associated with a significant build up of long
amyloid fibres. So for this kinetic regime characterised by a relatively fast
fragmentation/scission rate (ks°=1×10−6 s−1) we observe that the
production of toxic oligomer species is disassociated from the appearance
of amyloid fibrils.

For the situation in which the scission rate is relatively slow,
ks°=1×10−9 s−1, there is a significant separation of time scales between
theappearanceof longamyloidfibres (Fig. 3A, dashedblack line— around
3×106 s) and toxic early oligomers (Fig. 3A, solid black line — around
1×108 s). This timing difference is slightly preceded by a roll-over in the
average degree of polymerization (Fig. 3B) which occurs at/from about
2×107 s. Unlike the previous ‘fast fragmentation’ case, in this relatively
slow fragmentation/scission rate regime (ks°=1×10−9 s−1) the forma-
tion of toxic oligomer to a level associatedwith disease is associatedwith
the appearance of long amyloid fibres however the two characteristic
time scales of production are strongly decoupled. This is demonstrated
very clearly by a series of time snapshots of the growing polymer
distribution (Fig. 3E). The broad range of aggregates centred around an
eventually uniformly shaped distribution with an average size of
approximately 100 monomers means that the total mass of protein in
amyloid form must become large before the amount of ‘toxic oligomers’
existing at the outer edge of the distribution can become significant.

3.2. Case B: fixed total concentration of monomer

In this case we examine the effect of changes in the fragmentation/
scission rate constant on the characteristic time scales describing the
appearance of protein existing in all amyloid forms and the protein
specifically in ‘toxic oligomer’ form for the situation of a total fixed
amount of protein existing in the system.

Perhaps the most striking difference between this case and the
preceding one is the observation (Fig. 4A) of either one or two time
dependentmaxima, in the time course of the toxic oligomer species for all
cases of the varied scission rate (solid red line — ks°=0 s−1; solid black
line— ks°=1×10−9 s−1; solid blue line — ks°=1×10−6 s−1). As can be
noted from Fig. 4B this temporary production of a relatively large amount



2 Although we have limited our discussion to on-pathway intermediates it is
interesting to note that the argument is applicable to off pathway intermediates, (such
as spherulites or circularized loops) if they are themselves the products of small on
pathway oligomers.

Fig. 4. Model development for the situation of a fixed total concentration of monomer present in the system (Case B). (A) Time dependent formation of different amyloid species: the
summed total all amyloid species (dotted line) and summed total of all toxic oligomer species (solid line) for three different values of the scission/fragmentation rate— red (kS°=0 s−1),
blue (kS°=1×10−6 s−1) and black (kS°=1×10−9 s−1). (B) Time dependent evolution of the amyloid average degree of polymerization for the three different scission/fragmentation
rates— red (kS°=0 s−1), blue (kS°=1×10−6 s−1) and black (kS°=1×10−9 s−1). (C–E) Snapshots of the kinetic evolution of the amyloid size distribution for the three different scission/
fragmentation rates (C) kS°=0 s−1, (D) kS°=1×10−6 s−1 and (E) kS°=1×10−9 s−1 with magenta representing the earliest time and cyan representing the latest time. The displayed
snapshots correspond to the following time windows (described in seconds) (C) 1×106, 3.2×106, 1×107, 3.2×107, 1×108, 1×109, 1×1010. (D) 1×106, 2×106, 3×106, 4×106, 5×106,
6×106, 7×106. (E) 1×106, 1×107, 1×108, 1×109, 1×1010.
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of toxic oligomer species is due to the decay of the average degree of
polymerization of the amyloid, which dependent upon the operative rate
of scission may occur on a time scale vastly slower than the original
polymerization reaction. With reference to the particular amyloid
distribution profiles recorded at different times (Figs. 4C–E) and in a
fashion similar to the preceding case, the appearance of toxic oligomers
may be either coupled to the appearance of amyloidfibrils (Fig. 4A dotted
red line —ks°=0 s−1), uncoupled from the appearance of long amyloid
fibrils (Fig. 4A dotted black line — 1×10−9 s−1) or alternatively not
associatedwith the appearance of amyloid fibrils (Fig. 4A dotted blue line
— 1×10−6 s−1).

4. Discussion

This work differs significantly from our previous modelling study
[29] at the level of the starting postulate describing a causative link
between the production of amyloid and the onset of disease progression
[1–6]. In the current work we have adopted a point of view based on
experimental findings [34–37], that the toxic component of amyloid is
associated with a narrow region of its size distribution encompassing a
range of small on pathway aggregates.2 In the previous work we
considered disease onset/phenotype display to be associated with the
total mass of protein in amyloid form [29]. This subtle distinction has
opened a new window from which we can view the link between the
production of amyloid fibrils and the onset of disease.

Using a kinetic model of nucleated polymerization that incorporates
internal fragmentation in combination with the starting assumption
that a certain defined region of the amyloid distribution has toxic
properties we have shown that, dependent upon the rate of fibril
scission/fragmentation, the characteristic time scale of production of
significant levels of toxic oligomer may be either coupled, uncoupled or
not associatedwith the appearanceof amyloidfibrils. Such afinding is of
particular interest when discussed in relation to (i.) cases where no
fibrils are seen but disease is present [[35–37,39,42] and (ii.) cases
where fibrils are extensively present but no disease is manifested [3,40]



Fig. 5. The model outlined in this paper provides a convenient switch between the different causative modes of amyloid related cell death due to (i.) toxic oligomer effects or
(ii.) solid mass effects. Comments within the coloured circlemake reference to the type ofmonomer regulation i.e. Case A or Case B type systems. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

3 By choosing these extremes we encompass relevant situations of protein synthesis
and degradation (see Appendix D).
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until disease results from a substantial physicalmass of amyloid leading
to tissue rupture and necrosis [3,15,16].

We explore the ramifications of such possible coupling/uncoupling
between the production of toxic oligomers and the generation of longer
amyloid fibres in Fig. 5. We note that our model provides an operative
switch between the given modes of cell death and tissue injury posited
in the introduction. These different modes ranged from the specific
malefaction of toxic oligomers to general deleterious physical effects
related to the growth of solid masses. For instance our model indicates
that a fast scission Case A regime would effect cell death as a result of a
constant increase in the concentration of toxic oligomer. Alternatively
cell death from a slow scission Case A regime may occur initially from
the significantmass of amyloid produced. If the surrounding cells/tissue
did not succumb to this initial challenge then it may be defeated at
longer time scales when cell death would result from the production of
significant amounts of toxic oligomer produced via fragmentation. As
indicated in Fig. 5 for the Case B monomer regulation regime the total
mass of amyloid produced will always be less than for the Case A type
system (given identical rate parameters and the same initial free
concentration of monomer). Therefore for fast scission Case B type
systems, cell deathwouldmost likely result from the production of toxic
oligomers (if occurring at a level above the critical threshold and for a
long enough time during the temporal window of toxicity). Such toxic
oligomerproductionwould likely proceedwith few, if any, long amyloid
fibrils being present. For a slow scission Case B regime little cell death/
tissue damage would be expected over a long period of time despite
the appearance of long amyloid fibres. However cell death due to toxic
oligomer production may proceed at a much later time due to the
fragmentation of these fibres if the level of toxic oligomers produced
exceeded the required critical threshold for a sufficient period of time.

In this work we have explored the two extremes of cellular/
physiological regulation of monomer concentration in the hope that
the truth may lie somewhere between these two limiting cases.3 In the
first case we considered the situation in which the free monomer
concentration wasmaintained at a fixed level irrespective of the degree
of amyloid formation. Such a case might represent disease states for
which themonomerhas a requiredbiological function suchas is the case
in systemic amyloidosis involving immunoglobulin light chain [3,43] or
familial amyloidosis involving transthyretin [44]. In the second case we
considered the situation where the system was closed and the total
amount of monomer in the system was a constant irrespective of the
structural form(amyloid or freemonomer) inwhich theproteinexisted.
This second case might be descriptive of amyloid prions in yeast, the
phenotype ofwhich is only displayed upon near complete conversion of
themonomer to the amyloid form [45,46]. Importantly, for both limiting
cases ofmonomer regulationwe found the samegeneral behaviourwith
regards to association between the variation of the fibril fragmentation
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rate and the variation in the degree of coupling (or association) of the
time scales for production of toxic oligomers and formation of long
amyloid fibrils. One possibly important difference that was observed
between the two cases of monomer regulation was that for situations
more reflective of a fixed total concentration of monomer (Case B) a
timedependentmaximum in the production of toxic oligomerwas seen
to occur. The existence of such a time dependent maximum may have
important therapeutic implications if the pertinent cell or tissue cannot
withstand exposure to a certain concentration of toxic oligomer beyond
a set critical window of time. If such a situation was indeed the case we
would have to introduce a kinetic consideration to the starting of an
anti-amyloid forming drug regimen [47].

Another important finding that pertains to both cases of monomer
regulation is that forparameter regimes reflectiveof the situation inwhich
polymer fragmentation is slow in relation to polymer formation there
will exist two vastly different time scales governing (i.) the formation of
amyloid, and (ii.) the relaxation of the amyloid size distribution. The
existence of two such disparate time scales means that the polymer
relaxation event may occur over a time scale that is many orders of
magnitude greater than the initial polymerization event. Indeed this
second relaxation process may occur so slowly as to be apparently in-
visible to researchers conducting experiments over realistically accessible
time periods. Also it may be difficult to discern from comparison of
theoretical amyloid size distributions garnered by numerical integration
of rate equations over a non-logarithmic time scale.4

Although our explicit rate model captures many realistic features of
the amyloid polymerization event one aspect of the reaction that it is
incapable of accounting for is the possible growth of amyloid fibrils by
the annealing of smaller fibrils. Such a process has been considered by
McCammonand others using a closed ratemodel for thepolymerization
of G-actin [48]. A similar averaged rate model has recently been applied
to the description of amyloid formation by Schuck et al. [49]. Another
model also inclusive of fibril annealing was developed by Pallito and
Murphy [50] for the description of amyloid formation kinetics exhibited
by the A-β peptide. If such annealing is shown to be a common property
of medically important amyloid forming systems then annealing may
provide an alternative mechanism for decoupling the production of
toxic species from the appearance of long amyloid fibrils. In the future
we hope to extend our explicit rate model to incorporate such possible
annealing to determine to what extent this additional factor will
complicate matters.
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Appendix A. Justification of mathematical approximation
for breakage

Here we describe the basic components of our explicit rate model
based on nucleated growth. Explicit solution of the distribution at all
time points and for all sizes for the model described in our paper would
4 In reference [29] we concluded that for a constant total concentration of protein
for the case of a slow scission/fragmentation rate (ks° = 1×10−9 s−1) the amyloid size
distribution would establish an equilibrium around an average dop of ≈ 50
monomers. In this work we see that this distribution will relax back to an average
dop of ≈ 3 monomers over a time scale approximately 100 times longer than the
initial polymerization event. For the alternative monomer regulation situation in
which the free concentration of monomer is a constant, a large stable size distribution
will be attained and maintained.
rely upon numerical integration of the complete set of equations
described by Eq. (A1).

dCi
dt

= −ka i;1ð ÞCiC1 + ka i−1;1ð ÞCi−1C1 −
Xi−1

p=1

ks p;i−pð ÞCi

+ 2
XNmax

q= i + 1

ks i;q− ið ÞCq for i ≥ 2

ðA1aÞ

C1 = C1ð Þtot −
XNmax

j=2

jCj: ðA1bÞ

The simplest approximation for the scission rate constant describing
the separation of a species of any size z into two species of size x (where
x<z) and z−x is ks(x, z−x)=ks°. Although computationally possible the
solution becomes quite slow for large distribution sizes due to the fact
that the number of calculations at each timepointwill increase as ~Nmax

2

where Nmax is the maximum number of discrete species in solution. In
order to make calculation more rapid we have adopted a step function
type approximation inwhich the fragmentation pathway of any species
of size z is considered as shown by Eq. (A2).

Z→
k-s 1 + Z − 1ð Þ

Z→
k-s 2 + Z − 2ð Þ

: : :

Z→
k-s Z − 1ð Þ + 1

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

e

Z→
k-s 1 + Z − 1ð Þ

Z→
kb Zð Þ

Z = 2ð Þ + Z = 2ð Þf g

Z→
k-s Z − 1ð Þ + 1

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

for Z even

Z→
k-s 1 + Z − 1ð Þ

Z→
kb Zð Þ

rl Z = 2ð Þ + rh Z = 2ð Þf g

Z→
kb Zð Þ

rh Z = 2ð Þ + rl Z = 2ð Þ

Z→
k-s Z − 1ð Þ + 1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

for Z odd

ðA2aÞ

where; kb Zð Þ = z − 3ð Þk-s for z ≥ 2: ðA2bÞ

The terms rl and rh respectively denote the low and high rounding
to the nearest integer. During a time interval Δt, a species of size z and
molar concentration CZwill suffer a decrease in number concentration
due to its own fragmentation, resulting in an incremental molar
decrease of that species concentration of ΔCZ (Eq. (A3a)). Due to the
flat probability distribution associated with an assumed fragmenta-
tion rate constant that is independent of position, each particular
species resulting from the fragmentation event will be produced at
statistically equal concentrations, denoted ΔC0 (Eq. (A3b)).

ΔCZ = z − 1ð Þk-s CZΔt ðA3aÞ

ΔC0 =
2ΔCZ

z − 1ð Þ = 2k-s CZΔt: ðA3bÞ

It is noted that the step approximation described in Eq. (A2) satisfies
the colligative conservation criteria in a manner similar to the exact
equation (Eq. (A4)).

Exact Equation⇒
Xz−1

i=1

ΔC0 = z − 1ð ÞΔC0 = 2z − 2ð Þk-s CZΔt ðA4aÞ

Step Approximation⇒
X

ΔC0 = 2 z − 3ð Þk-s CZΔt + 4k-s CZΔt = 2z − 2ð Þk-s CZΔt:

ðA4bÞ
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We additionally note that the step approximation satisfies the
required mass conservation criteria (Eq. (A5)).

Exact Equation⇒
Xz−1

i=1

iΔC0 + z − ið ÞΔC0ð Þ = z z − 1ð ÞΔC0

= z2 − z
� �

k-s CZΔt

ðA5aÞ

Step Approximation⇒
X

iΔC0 = 2
z
2

� �
z − 3ð Þk-s CZΔt

+ 2 z − 1ð Þk-s CZΔt + 2 1ð Þk-s CZΔt = z2 − z
� �

k-s CZΔt:

ðA5bÞ

By explicit accounting for the rate of formation and loss of all
species by fibril fragmentation within the confines of the step
approximation we develop an approximate alternative to the exact
equation which similarly provides full distribution time evolution
information and whose computing time scales5 with ~Nmax

dCi

dt
= −ka ið ÞCiC1 + ka i − 1ð ÞCi−1C1 − 2k-s Ci + 2k-s Ci + 1

−kb ið ÞCi + kb 2i−1ð ÞC2i−1 + kb 2ið ÞC2i

+ kb 2i + 1ð ÞC2i + 1 ðfor i ≥ 2Þ

ðA6aÞ

C1 = C1ð Þtot −
XNmax

j=2

jCj: ðA6bÞ

For the simulation of amyloid formation we have adopted a
parameter convention for nucleated growth whereby a critical nucleus
oligomer size, n, is assigned. All association steps involving oligomers of
degree lower than n are considered to be governed by a rate constant kN.
Conversely all steps involving oligomers of degree greater than or equal
to n are considered to be governed by a rate constant kG.

Appendix B. Justification of the basic correctness of the
solution method

We compare certain averaged properties of our explicit rate model
(total mass of amyloid as a function of time and average degree of
polymerization as a function of time) against an alternative method of
solutionA1 based on the summation (with subsequent collapse and
cancellation of terms) of the all the rate equations involved in an
explicit description of a nucleated polymerization reaction featuring
internal fragmentation. Although containing less information than our
explicit rate model, in that it is only capable of providing averaged
properties and not full distribution information, this alternative
approach does not rely upon the step function approximation adopted
in our solution method for coping with the multitudinous potential
pathways of the fragmentation event and therefore provides a good
check of our model's basic correctness. The rate equations resulting
from such an approach for the description of uni-directional amyloid
growth, and bi-directional dissociation are as follows

dCN

dt
= kNC

2
1 + k-S CA − 3CN½ � ðA7aÞ

dCA

dt
= 2kNC

2
1 + kGC1CN − 2k-SCN: ðA7bÞ

Here CN refers to the number concentration of all amyloid species,
CA the equivalent concentration of monomers existing in all amyloid
forms and C1 the operative concentration of free monomer. As can be
5 For very large systems of equations a second step approximation may be desirable
although as seen in Appendix B such an additional approximation was not required in
this work.
seen (App. Fig. 1) in the present case the level of agreement between
the predictions of our explicit rate model and the limited averaged
parameter model is excellent at both the level of total amyloid mass
and the average degree of polymerization for both A and B limiting
cases of monomer regulation.6

Appendix C. Model findings in the light of results from
molecular simulations

A general feature of non-specific protein aggregation reactions is the
potential lack of a unique mechanism — meaning that any particular
aggregate of a chosen size may be constituted as any one of a number of
possible structural isomers. Dependent upon the interplay between
solution conditions and the protein sequence, certain reaction pathways
may be disfavoured thereby channelling the aggregation reaction into a
more definedpathway.With the decrease in pathway complexity there is
a concomitant increase in the degree of structural order and a lessening of
the number of potential isomeric states associated with each particularly
sized aggregate. Amyloid formation is an interesting protein aggregation
reaction from this perspective as the specific amyloid reaction may
proceed amidst other competing reactions or it may proceed as a
conjunction of non-ordered and ordered processesA2. With regard to this
point we note that amolecular level simulation procedure such asMonte
Carlo (MC) or Molecular Dynamics (MD) may provide an alternative
information streamonwhich to assess the basis of our argument.Wedeal
with this point by first pointing out the practical necessity of approaching
the problem in themannerwhichwe did. Finallywe finishwith a limited
review of the molecular level amyloid simulation literature highlighting
some key findings which relate to our argument.

Practical necessity of a rate equation based description

In this study we were interested in examining the likely time
dependence of the build up of small amyloid oligomers stemming from
fibril fragmentation occurring concurrently with fibril formation. We
examined three limiting case behaviours, zero fragmentation rate,
fragmentation rates that were relatively fast in relation to the time course
of aggregation and fragmentation rates slow in relation to the time course
of aggregation. A full-scale molecular level representation of the problem
would require sufficient protein/peptide monomeric units to have a
statistical representation (>10) of each length offibril. Thiswould require
a sufficient starting concentration ofmonomers to allow the generation of
multiple nucleation centres. A quick examination of the average degree of
polymerizations reached in this study reveals that the computational
burden of such a computer experiment would be too great for current
technology to carry from beginning to end. However one possible route
for incorporating smaller particle number and smaller time period MD
simulation runs into a traditional rate equation model was recently
suggestedA3. Such a combination approach in which MD simulation is
used to both help determine mechanismA4 and provide estimates of the
molecular rate constantsA3,A5 may indeed prove useful in the future.

Some key findings from recent molecular level amyloid
simulation studies

Where molecular level simulation has proven particularly insightful
has been in shining a light on the factors that affect peptide/protein
amyloidogenicity. From simple particle models to more complex MD
based calculations, consideration of the particle nature of the aggregating
peptide has offered clues as to the effect of polypeptide chain lengthA3,
amyloidogenic peptide position within a larger polypeptide sequenceA3,
salt bridgesA4, amino acid mutationA6 and added solution components
such as trifluoroethanolA7. Particle level simulation has also helped to
6 There is a uniform multiplicative factor of approximately 2 between the time
scales reported here and our earlier work reported in [29].



App. Fig. 1. Cross validation of the method used in this paper to explicitly simulate the amyloid distribution information in a system undergoing nucleated polymerization in
combination with fibril fragmentation/scission against a limited alternative procedure that is capable of only predicting averaged properties of the growing amyloid system. With
reference to Case A monomer conditions the left hand column displays the solutions provided by the two alternative procedures for calculating the time dependence of (A) the
summed total of all amyloid forms (green— explicit model, black— limitedmodel), (B) the amyloid's average degree of polymerization (blue— explicit model, red— limited model).
The right hand column describes the similar information for the Case B monomer conditions. The scission rates considered were as follows (units s−1) 5×10−6, 4×10−6, 3×10−6,
2×10−6, 1×10−6, 1×10−7, 1×10−8, 1×10−9. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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postulate a range of possible early oligomeric structuresA8,A9 and to
identify which of these structures may have a toxic roleA10,A11.

Appendix D. Justification of mechanistic assumptions present
within the model

The central mechanistic assumption of the current work is that fibrils
undergo internal breakage. With regard to this point a range of amyloid
and amyloid like fibres have been shown to undergo breakage both
in vitroA1, A12–A15 and in vivoA16,A17. These studies and others have also
shown that subjecting amyloid fibres to either sonication or shearing
forces resulting from rapid stirring can stimulate fibre fracture rates and
enhance the rate of amyloid growth. Although these findings do not
necessarily carry the weight of an inductive proof they do suggest that
internal breakage eventsmay not be an uncommonproperty of amyloid
fibres. Furthermore it is known that there exists chaperone proteins
within the cell that have ‘dis-aggregase’ properties, i.e. they are capable
of accelerating the rate of fibre breakage in an energy dependent
mannerA18,A19. We note that within the bounds of the simple model
presented (and its even simpler representation by Eq. A7) we may
isolate the conditions (in terms of rate constant and monomer con-
centration values) for significant amyloid production for Case B mono-
mer production by first setting dCA/dt=0 in Eq. A7b and solving for
CN and then substituting this result into Eq. A7a after setting dCN/dt=0
and then solving for CA. The effect of variation of the scission rate
constant can be noted in App. Fig. 1.

A second mechanistic assumption present within our modelling
approach is that of a site breakage rate that is independent of position for
an assumed linear fibre having identical internal bonding patterns. Stated
more simply this assumption means that the probability distribution for
breakage as a function of position is flat. Whether or not there exists a
more complicated position dependence to rate of breakage depends upon
the structure of the amyloid fiberA20 (for instance the bonding arrange-
ments in helicalfibreswill exhibit pronounced end effects due to different
number of bonding contacts formed between end located monomers
and internally located monomers) and the designated mode of fibril
breakage (for instance breakage occurring due to increased temperature
would be expected to be governed by a different probability distribution
than would breakage effected by a shear fieldA13). Simulation of the
amyloid polymerization kinetics with a different position dependence
would certainly yield different kinetic results in the particular— however
the central implication of this study, that amyloid fibrils once formed
may act as a reservoir of toxic oligomer production (or toxic oligomer
precursors), would remain unchanged.

The third mechanistic assumption in our model is that the toxic
oligomer region is an on-pathway species. Although we did stipulate in



App. Fig. 2. Graphical representation ofmonomer regulation as codified by Eq. (A10) and
A11. We see the relative decay of monomer from its starting value for the cases where
kA⁎=0, kF⁎=kB⁎=1 (blue line); kA⁎=100, kF⁎=kB⁎=0 (red line); kA⁎=0.1, kF⁎=kB⁎=1
(green dotted line); kA⁎=1, kF⁎=kB⁎=1 (green solid line) and kA⁎=100, kF⁎=kB⁎=1 (green
dashed line). The two extreme cases considered in this paper are represented by the red
line (Case B) and the blue line (Case A). Rate constants and time have been scaled by
arbitrary characteristic values kc and tc such that kA⁎=kA/kc , kB⁎=kB/kc, kF⁎=kF/kc and
t⁎=t/tc. The relative starting concentration was set to kF⁎Cα/kB⁎ with kF⁎=kB⁎=1. (For
interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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the text that we felt that this assumption was not critical we elaborate
on the robustness of our model findings in light of the possibility that
toxic oligomers are off pathway species. Generally speaking if an off
pathway oligomer was the toxic form then it would be separated from
the on pathway oligomeric forms via either a kinetic barrier (Eq. (A8a))
or an equilibrium barrier (Eq. (A8b)).

on pathway species→
ktransform

off pathway species ðA8aÞ

on pathway species↔
Ktransform

off pathway species: ðA8bÞ

For either case we might surmise that the concentration of toxic off
pathway species would be related to the concentration of the relevant
precursor on pathway species by a transformation rate or equilibrium
constant (Eq. (A9)) thereby extending the arguments made in this
paper specifically for the onpathway toxic oligomer form tooff pathway
toxic oligomer forms.

Coff pathway species∝ktransformCon pathway speciesΔt ðA9aÞ

Coff pathway species∝KtransformCon pathway species: ðA9bÞ

A special case of off pathway toxicity with specific reference to
Alzheimer's disease has been suggestedA21 that relates to an
alternative mechanism of possible toxicity due to the non A-β peptide
fragment of the A-β pro-polypeptide that is liberated upon enzymatic
cleavage of the pro-polypeptide by surface bound γ-secretase. As this
cleavage step is both essentially irreversible and occurs prior to
amyloid formation it would not be influenced by any subsequent
change in the aggregation state of the amyloid and therefore is not at
all explainable by thismodel which deals onlywith possible toxicity of
oligomers generated during the general process of amyloid formation.

The final mechanistic assumption within our model is the description
of two limiting cases ofmonomer regulation, one corresponding to a case
of amyloid formation that is slowon the time scale ofmonomer regulation
(Case A) and one corresponding to a case of amyloid formation that is fast
on the time scale of monomer regulation. We might more stringently
codify these definitions using the following (massively oversimplified)
scheme (Eq. (A10)) to depict the general features of regulation of
monomer (M) concentration in a system capable of amyloid formation
frommonomerM (governedby afirst order rate constantkA (s−1)) that is
occurring in conjunction with monomer formation from some constant
precursor (α) (regulated by a first order rate constant kF (s−1)) and
monomer breakdown to speciesβ (governed by afirst order rate constant
kB (s−1)).

α
β
→

kF

←
kB

M→
kA Amyloid: ðA10Þ

The rate of monomer formation and loss from the precursor (at
constant concentration Cα) can be written as Eq. (A11a) and the
integrated solution is present as Eq. (A11b).

dCM

dt
= kFCα − kB + kAð ÞCM ðA11aÞ

CM tð Þ = kA + kBð Þ CM t = 0ð Þð Þ− kFCα½ �e − kA + kBð Þt½ � + kFCα

kA + kBð Þ : ðA11bÞ

If the relative rates of the system are such that kACM(t=0)≪kBCM
(t=0) and kACM(t=0)≪kFCα the time dependent concentration of
monomer is approximately constant and is given by CM(t)~CM(t=0). If
alternatively the rates are such that kACM(t=0)≫kBCM(t=0) and kACM
(t=0)≫kFCα then the time dependent concentration of monomer is
approximately givenbyCM(t)~CM(t=0)exp(−kAt). App. Fig. 2makes this
point clear with these two extreme cases along with some intermediate
examples where kACM(t=0)~kBCM(t=0)~kFCα. It was our hope in this
paper to encapsulate the widest range of possible behaviors by explicitly
simulating the two extrema. In likening an experimental system to either
case we are relying upon a limit argument i.e. real experimental systems
will more closely resemble one of the two extreme forms thus displaying
features reflective of that particular case. In App. Fig. 2 we try to
demonstrate asmuchby simulating the twoextremecasebehaviors along
with a number of intermediate cases. So although we cited the
transthyretin and immunoglobulin light chain amyloid diseases and the
yeastSup35andUre2proteinbasedprionsystemsas respectiveexamples
of Case A and B they will not fully conform to these limiting case
requirements. Interestingly, an anonymous reviewer of this manuscript
has suggested that neuronal loss as a result of Alzheimer's disease (A22)
might constitute an example of a system having some similarity to a Case
B system. The reasoning behind this suggestion is that neuronal cell death
would remove the source of A-β production. However this notionmay be
complicated by the fact that other nearby healthy cells will continuewith,
and may even up-regulate, their A-β production. Furthermore we have
no firm idea of the differential rate of monomer and fibril breakdown
as nearby cells die and let loose their complement of proteases and
degrading enzymes etc. into the intercellular space. As of the present
time we are unable to reach agreement on the basic correctness of the
reviewer's hypothesis but due to its potential importance in stimulating
discussion on the topic of amyloid formation kinetics in Alzheimer's
disease we have decided to include it in this appendix.
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